In bouncing cosmology, the primordial fluctuations are generated in a cosmic contraction phase before the bounce into the current expansion phase. For a nonsingular bounce, curvature and anisotropy grow rapidly during the bouncing phase, raising questions about the reliability of perturbative analysis. In this paper, we study the evolution of adiabatic perturbations in a nonsingular bounce by nonperturbative methods including numerical simulations of the nonsingular bounce and the covariant formalism for calculating nonlinear perturbations. We show that the bounce is disrupted in regions of the universe with significant inhomogeneity and anisotropy over the background energy density, but is achieved in regions that are relatively homogeneous and isotropic.
I. INTRODUCTION
A bouncing cosmology is a scenario in which the universe transitions from a previous contraction phase to the current expansion phase through a "big bounce" [1] [2] [3] [4] . In this scenario, the primordial fluctuations that seed structure formation in the early expansion phase originate from adiabatic perturbations generated in the contraction phase. These adiabatic perturbations arise as quantum fluctuations when the modes are deep inside the horizon in the early contraction phase, then become classical when they exit the horizon during the contraction phase. A large number of nearly scale invariant modes can be produced by various mechanisms in the contraction phase [5] [6] [7] [8] [9] [10] [11] [12] [13] . These modes then have to pass through the bounce and carry on to the expansion phase. Their power spectra would match current observations if the adiabatic perturbations remain nearly scale invariant after the bounce.
In a singular bounce, the universe passes through a classical singularity which must be resolved by a quantum theory of gravity. The prediction of such models relies on a quantum treatment of the singular bounce [1, [14] [15] [16] [17] . Certain matching conditions can be derived from the requirement of analyticity and unitarity of the bouncing process [8, [18] [19] [20] [21] [22] . The alternative approach is a nonsingular bounce where the universe stops contraction and reverses to expansion at a finite size, which can be well described by classical general relativity and effective field theory [10, 11, [23] [24] [25] [26] [27] . In such a smooth transition the adiabatic perturbations evolve classically and can be followed directly through the bounce. A rigorous analysis of a nonsingular bounce would help display properties and build intuition about bouncing models, especially if the outcome of the bounce does not depend sensitively on the details of the bouncing mechanism.
However, there are several reasons to be concerned. First, a nonsingular bounce requires a violation of the null energy condition (NEC). In order for the cosmic contraction to slow down to a halt, the effective equation of state parameter of the universe, defined by and 1 respectively, grow much faster than the background energy density.
Such unstable growth can potentially lead the universe into chaotic mixmaster behavior that disrupts the bounce altogether [28, 29] . It is therefore important to determine if the growth of curvature and anisotropy can be kept at a finite level during the bounce.
Moreover, the growth of curvature perturbations during the bouncing phase may change the shape of the power spectrum [28] . The power spectrum is given by the amplitude of adiabatic perturbations of different wavenumbers. The adiabatic modes that exit the horizon in the contraction phase appear to reenter the horizon near the bounce, since the Hubble scale 1/aH diverges when H → 0 at the nonsingular bounce whereas the scale factor a remains finite. If the amplitude of the adiabatic perturbations grows during the bounce and the growth varies with wavenumber, then the power spectrum would be distorted away from scale invariance.
The rapid growth of perturbations also raises the question of whether their evolution becomes nonlinear during the bouncing phase. According to a simple estimate [30, 31] , the adiabatic perturbations become strongly coupled when the magnitude of the dimensionless parameter ≡ −Ḣ/H 2 is much larger than 1. Towards a nonsingular bounce, approaches −∞ because H goes to zero andḢ is positive. If the strong coupling problem occurs, then cubic and higher order interaction terms in the action of the adiabatic perturbation become comparable to and even larger than the quadratic term. Accordingly, the classical evolution of superhorizon modes may deviate from linearized equations of motion. Such nonlinearity causes a mixing of modes that alters the power spectrum and induces a large non-Gaussianity.
To analyze the nonlinear evolution of adiabatic perturbations, a nonperturbative calculation is required.
In this paper, we present a full numerical analysis of a nonsingular bounce. Classical evolution of the spacetime is followed from near the end of the contraction phase through the entire bouncing phase into the expansion phase. The Einstein equations coupled with equations of motion for scalar fields are solved with inhomogeneous and anisotropic initial conditions. These inhomogeneities represent adiabatic perturbations that have exited the horizon in the earlier contraction phase and henceforth evolved classically. Our purpose is to study their behavior during the nonsingular bounce.
Several mechanisms for creating a nonsingular bounce have been studied, which are based on effective field theories such as ghost condensation [10, 11, 25, 32] and the galileon [26, 27, 33, 34] . These mechanisms are not well-adapted for numerical simulations because the covariant generalization of the effective field theories to curved spacetime typically introduce higher derivative terms that are susceptible to numerical instability [35] [36] [37] . For our computation we introduce a minimally coupled massless scalar field with a wrong-signed kinetic term -a ghost field -whose stress-energy tensor explicitly breaks the NEC. Such a ghost field would lead to unstable excitations of negative quanta when coupled to normal scalar fields and gravity. Here we treat it purely classically as an effective way of creating a background solution that describes a nonsingular bounce; its energy density is only significant near the bounce and otherwise negligible. The classical equation of motion for the ghost field has an identical form to that of a normal scalar field and is well-behaved for numerical computations. A similar setup has been used in the perturbative calculations of [23, 38, 39] .
In our nonperturbative calculation, the evolution of the spacetime through the bouncing phase is computed by using harmonic coordinates [40] [41] [42] . Compared to other numerical schemes, like the constant mean curvature gauge, the harmonic gauge does not run into coordinate singularities during the bouncing phase when a and H are non-monotonic in time. Another advantage of using harmonic coordinates is that the equations of motion for metric components are wave-like equations that can be easily solved. To extract the amplitude of adiabatic perturbations from our numerical results, we compute the nonlinear and covariant generalization of the curvature perturbation used in linear perturbation theory.
Following the covariant formalism [43, 44] , the generalized curvature perturbation is taken to be the integrated expansion along the integral curve of the normal vector to the constant time slices. Our numerical methods are sufficiently general and robust to handle nonlinear evolution with large inhomogeneities.
We show that inhomogeneity and anisotropy can disrupt the nonsingular bounce. In particular, if the effective density of anisotropy in certain regions of the universe surpasses the energy density of the ghost field that is responsible for the bounce, then these regions will keep contracting and collapse to a singularity. On the other hand, regions of the universe that are relatively homogeneous and isotropic (e.g., those that underwent an ekpyrotic smoothing phase prior to the bounce) can undergo a nonsingular bounce and continue into the expansion phase. This picture is dramatically different from that obtained in linear perturbation analysis where the bounce happens everywhere and almost simultaneously.
For sufficiently small perturbations that pass through the nonsingular bounce, we study the effect of nonlinearity by measuring the mixing of Fourier modes in the integrated expansion. We show that, if the amount of inhomogeneity and anisotropy is marginally below the level that would disrupt the bounce, then the nonlinear terms introduce significant de-viation from linear perturbative calculations. Otherwise, if the amount of inhomogeneity and anisotropy is well below the critical level, then nonlinearity is negligible throughout the bounce despite the fact that → −∞ at the bounce. We compare our results with the condition of strong coupling, and argue that the latter problem does not occur at the classical level.
We further examine how the bounce affects the shape of the power spectrum. For the purpose of illustration, we assume that scale invariant perturbations are generated from a matter-like contraction phase before the bounce [7, 8] . We find the matching condition that the amplitude of the adiabatic perturbations in the expansion phase is dominated by the contribution from the growing mode in the contraction phase. The change in the scale dependence of the amplitude through the bounce is negligible for small perturbations. The power spectrum of the adiabatic perturbations remains to be scale invariant after the bounce with no observable tilt or running.
The nonsingular bouncing model is presented in Section II. The numerical methods for simulating the nonsingular bounce and computing nonlinear perturbations are explained in Section III. The results of large inhomogeneity and anisotropy are described in Section IV A, the problem of nonlinearity and strong coupling is characterized in Section IV B, and the effect of the bounce on the scale dependence of the power spectrum is studied in Section IV C.
For comparison, a perturbative calculation in the linear harmonic gauge is presented in Appendix A, with Bunch-Davies initial values given in Appendix B. Conclusions and implications are discussed in Section V.
II. NONSINGULAR BOUNCING MODEL
For the nonsingular bounce, we consider a model with two scalar fields φ and χ minimally coupled to gravity, described by the Lagrangian
Here φ is a canonical scalar field with a potential V (φ) = V 0 e −cφ , and χ is a ghost field with a wrong-signed kinetic term. The conditions are chosen so that the universe is dominated by the normal scalar field φ during the contraction phase. Under such conditions, the φ field has a scaling solution in which its energy density scales as 1/a 3(1+w φ ) with a constant equation of state w φ = c 2 3 − 1. For c > √ 6 and V 0 < 0, this solution is an attractor with w φ > 1 that is used in the ekpyrotic model [45] [46] [47] . Here we consider the other case with c < √ 6 and V 0 > 0, so that w φ < 1 and a nonsingular bounce can be obtained [23] . In this case, the scaling solution is not an attractor -the initial condition must be fine-tuned in order to keep w φ nearly constant for a sustained period.
Our computation starts near the end of the contraction phase, assuming that the φ field has w φ given by the scaling solution and the χ field has negligible energy density. Since the χ field has only a kinetic term, its equation of state is w χ = 1 that is greater than w φ . Therefore the negative energy density of the χ field grows as 1/a 6 during contraction, faster than the positive energy density of the φ field. Eventually the total energy density vanishes and causes a nonsingular bounce, in which the contraction stops and the expansion begins. Then the energy density of the χ field quickly diminishes and becomes negligible again compared to that of the φ field.
In a homogeneous, flat, and isotropic background, the equations of motion for the scalar fields are
Here denotes derivative with respect to the harmonic time t, related to the physical time τ by dτ = a 3 dt; it is chosen to satisfy the gauge condition (13) , as introduced in Section III A below. The Friedmann equations in harmonic time are given by
where the harmonic Hubble parameter H is defined as H ≡ a /a.
The background solution can be found by evolving Eqs. (2, 3, 5) and using (4) as a constraint. The initial values for φ, φ , χ, χ , a, and H are set by 
We choose c = √ 3 so that initially the φ field obeys the scaling solution with a matter-like equation of state, w φ = 0; such a matter-like contraction phase can generate scale invariant adiabatic perturbations before the bounce. r 0 represents the initial value of the ratio between the energy density of the φ field and the χ field, |ρ φ /ρ χ |. For V 0 = 0.1 and r 0 = 1000, the bouncing solution for the scale factor a is shown in Fig. 1 . The ratio between the energy density of the φ and χ fields is shown in Fig. 2 , illustrating that the χ field is only significant near the bounce.
The ghost field χ must be stabilized by some mechanism at the quantum level, which will not be considered in this paper. Here we only use its classical equation of motion to effectively describe the nonsingular bouncing process. This simple setup allows us to study the classical evolution of adiabatic modes that have left the horizon during the contraction phase. In particular, we will follow the amplitude of the curvature perturbation through the nonsingular bounce. 
III. NUMERICAL METHODS
To analyze the nonsingular bouncing model nonperturbatively, we employ numerical methods to solve the equations for the spacetime metric and the scalar fields. Our methods allow a wide range of inhomogeneous, nonflat, and anisotropic initial conditions.
A. Harmonic coordinates
The spacetime can be described by a coordinate system (x µ ) = (t, x i ) with a metric g µν , where t is a timelike coordinate and x i are spacelike coordinates. The full set of equations include the Einstein equations for the metric g µν and the equations of motion for the scalar fields φ and χ. From the Lagrangian (1) it follows that the φ and χ fields satisfy the equations
where ∇ µ denotes the covariant derivative associated with g µν . The total stress-energy tensor is given by
Hence the Einstein equations can be written in the trace reversed form as
where we use reduced Planck units with 8πG ≡ 1.
To solve the Einstein equations, one must first remove the diffeomorphic freedom in the coordinates by fixing a gauge. This involves choosing a set of time slices, such as the constant mean curvature slices used in simulating the ekpyrotic contraction phase [47] . However, the same method is not applicable to the bouncing phase. The mean curvature becomes nonmonotonic in time when the universe enters the bouncing phase from the contraction phase, and when it exits the bouncing phase to enter the expansion phase. Consequently, in the presence of inhomogeneities, the constant mean curvature slices stop being spacelike during these transitions (see Section III B below), rendering the numerical evolution ill-behaved.
So instead, we shall use a different gauge that is well-defined throughout the entire cosmic transition from contraction to expansion -the harmonic gauge [40] [41] [42] .
The harmonic coordinates are defined to satisfy the gauge condition
Consequently, the Christoffel symbols Γ γ αβ must satisfy the condition
Under this condition, the Ricci tensor takes the form
The first term controls the character of the equations, giving rise to hyperbolic differential equations for the metric components g αβ . These 10 equations are subject to the 4 constraints given by (14) .
To solve the equations numerically, we first reduce them to first order differential equations in time. Define the variables P αβ , P φ , and P χ by
Then the Einstein equations (12) become
and the equations (9, 10) for φ and χ become
To specify initial data, we choose the initial time slice to have constant mean curvature,
The full metric g µν can be decomposed as
where α, β i are the lapse function and the shift vector, and γ ij is the spatial metric on the constant time slice. We can freely choose the lapse and the shift to be α = 1 and β i = 0 initially, then the spatial metric γ ij and its time derivative ∂ 0 γ ij = −2K ij must satisfy the Hamiltonian and momentum constraints,
Here (3) R and K ij are the intrinsic and extrinsic curvature;˙denotes the derivative along the normal vector to the time slice, and D i is the covariant derivative associated with γ ij . Once the above constraints are satisfied by the initial data, they will hold at all times as a result of the evolution equations and the harmonic coordinate condition [42] .
The constraint equations (23, 24) can be solved by using the York method [48, 49] .
Specifically, we choose the spatial metric to be conformally flat, and decompose the extrinsic curvature into the trace (i.e., mean curvature) and the traceless parts,
Define further the variables Q φ and Q χ by
The Hamiltonian and momentum constraints then become
where the indices in these two equations are raised and lowered with the flat metric δ ij .
For simplicity, we restrict our computation to the case with inhomogeneity only along one spatial dimension (x) with periodic boundary conditions. Then Eq. (30) is solved by the following ansatz,
and the particular solution
where f 0 , f 1 , f 2 , f 3 , and λ are parameters to choose, and
These expressions are then put into Eq. (29) to solve for Ψ(x), using a relaxation method.
The results are substituted into the expressions for γ ij and its time derivative P ij ; the remaining components g 0µ are given by the lapse and the shift, and P 0µ are solved from the constraint (14) .
Thus our initial data are specified as follows:
The parameters φ 0 ,φ 0 , χ 0 ,χ 0 in (31 -36) and K = −3H 0 are chosen to match the background values given in (6 -8) , whereas the parameters f 0 , f 1 , f 2 , f 3 , and λ will be set to incorporate different amounts of inhomogeneity in the initial data. In the limit of small inhomogeneities, our choice of initial data represents a single Fourier mode with comoving wavenumber k = m (see Appendix A). Notice however the terms with double wavenumber k = 2m in Eq. (36) , which represent small nonlinearities that are second order in f i .
The ansatz (31 -36) can also be generalized to include multiple modes. As an illustration, the ansatz for two Fourier modes k = m 1 and m 2 is given by
and
The parameters f 0 , f 1 , f 2 , f 3 specify the Fourier mode k = m 1 as before, whereas the new parameters g 0 , g 1 , g 2 , g 3 are chosen to specify the second mode with k = m 2 . Notice the appearance of mixed modes with k = m 2 ± m 1 in (51); their amplitude is quadratically suppressed initially, just like the double wavenumber modes with k = 2m 1 and 2m 2 .
In our numerical computation, starting from the initial values (37 -46), Eqs. (16 -21) are evolved until one of the grid points first reaches future infinity. This is possible because the physical time τ = +∞ is compactified to a finite harmonic time t; indeed, for a homogeneous expansion with a ∼ τ 2/3(1+w) and w < 1, the integral t = a −3 dτ converges at τ = +∞. The dynamical equations are evolved by using the iterated Crank-Nicholson method, with spatial derivatives evaluated by using standard second-order-accurate centered finite differences.
The numerical convergence is tested by repeating the computation at successively higher resolutions and computing the left hand side of the constraint equation (14); the numerical residues vanish quadratically with the resolution, confirming second order convergence. The results presented below are computed at a baseline resolution with 128 grid points, and a CFL factor of 0.5. Typical errors of the numerical solutions calculated from convergence studies are less than ∼ 0.1%.
B. Covariant formalism
The above numerical scheme will be used to calculate the amplitude of adiabatic perturbations. The adiabatic modes are often studied by using the gauge invariant variable ζ, defined as the curvature perturbation on the uniform density slicing [50] . This quantity is convenient for studying the power spectrum of primordial fluctuations in the expansion phase, because it is invariant under gauge transformations as well as conserved on superhorizon scales. However, it is defined as a particular combination of linear perturbations of the metric and scalar fields. To extract the amplitude from our numerical computations, we look for a nonlinear generalization of the curvature perturbation that can be covariantly defined.
Here we follow the covariant formalism [43, 44, [51] [52] [53] . In this approach, the cosmological perturbations are defined in a geometrical way without referring to specific coordinates.
Such covariant variables are interpreted as perturbations because they vanish identically in a homogeneous, flat, and isotropic background; but they are fully nonperturbative quantities not restricted to linear order in a perturbative expansion. Therefore it is appropriate to use such variables to study the nonlinear evolution of adiabatic perturbations. This approach is closely related to the δN formalism [54] [55] [56] [57] [58] . The latter approach is often used to calculate the superhorizon curvature perturbations based on the separate universe approximation [59, 60] , and can be shown to agree with the covariant formalism on large scales [61] .
Let n µ be the timelike normal vector to the constant time slices. This unit vector can be regarded as the 4-velocity of a fiducial Eulerian observer [62] , for whom the constant time slice is truly synchronous. Therefore the spacetime as decomposed in a particular 3+1
slicing describes the cosmic evolution as measured by the corresponding Eulerian observer.
The worldline of the Eulerian observer is the integral curve of the normal vector n µ . The volume expansion of the congruence of those worldlines is given by
which represents three times the local Hubble expansion rate. Then the integrated expansion can be defined as
where the integration is along the integral curve of n µ , and τ is the proper time given by the lapse function α through dτ = α dt. The integrated expansion N can be considered as the local number of e-folds of Hubble expansion, and is defined up to an integration constant for each worldline. It is a covariant quantity that satisfies the equatioṅ
Note that this quantity N depends on the choice of the spacetime slicing through the normal vector n µ .
In the covariant formalism, the integrated expansion N is used to define a covector [43] 
whose components ζ i describe the spatial gradient of N on the uniform density slice where ρ = const. This covector ζ µ vanishes in a homogeneous background, and in that sense defines a true perturbation that is fully nonperturbative. It is a generalization of the linear
which describes the curvature perturbation ψ (see Appendix A) in the uniform density gauge where δρ = 0.
More generally, the nonlinear curvature perturbation in a particular gauge with normal vector n µ can be described by the covector
where the integrated expansion N is defined with respect to the same vector n µ . Here D µ is the covariant derivative projected onto the spatial hypersurface,
that −ψ i = ∂ i N in the coordinates adapted to the slicing, since the spatial components n i vanish identically. In general, at linear order, ψ i reduces to the gradient of the linear curvature perturbation ψ in the same gauge [43] . Therefore, the negative integrated expansion −N is a covariant and nonlinear generalization of the linear curvature perturbation ψ.
Indeed, the homogeneous part of N equals the number of e-folds N in the homogeneous background,
where the scale factor a is set to be 1 initially. At linear order, the inhomogeneous part of N is given by, up to an integration constant, [44] 
where σ is the shear perturbation (see Appendix A). On superhorizon scales, neglecting the gradient term, the inhomogeneous part of N then becomes
provided that N = −ψ on the initial time slice. This is the δN formula for computing the curvature perturbation ψ on superhorizon scales [56, 57] . In practice, N is often calculated by making the separate universe approximation that N (t,
where
is the homogeneous number of e-folds as a function of the scalar fields φ I on different patches of the initial time slice [56] [57] [58] .
Instead of using the δN formalism, we can solve for N directly from Eq. (54) . To calculate the perturbation in a particular gauge, n µ should be chosen as the unit normal vector to the corresponding time slices. In harmonic coordinates, the normal vector to the constant harmonic time slices is given by
This vector will be used in Eq. (54) to compute N (h) in the harmonic gauge. The initial value is set to be N (h) (0, x) = 2 log Ψ(x), so that g ij (0, x) = e 2N (0,x) δ ij by Eq. (39).
Ideally, we would also like to calculate the integrated expansion N (φ) on the constant φ hypersurface, which is the generalization of the curvature perturbation −R φ in the comoving φ gauge. N (φ) should be calculated by using n
, which is the normal vector to the constant φ hypersurfaces. However, the comoving φ gauge is not well-defined in the bouncing phase when there is inhomogeneity. Near the bounce the φ field switches from decreasing to increasing, causing ∂ 0 φ to vanish at a certain point along the worldline.
As a result, the normal vector n (φ) µ stops being timelike near that point, and the constant φ hypersurface fails to be a spatial slicing. (The same problem happens in other commonly used gauges as well, including the uniform density gauge, constant mean curvature gauge, and uniform integrated expansion gauge.) Therefore we cannot calculate N (φ) directly in the numerical computation.
Hence, in our numerical computations, we will first solve for N (h) in the harmonic gauge.
Our purpose is to check whether its evolution becomes nonlinear, in which case the adiabatic perturbations would no longer remain scale invariant after the bounce. Otherwise, if nonlinearity remains small during the bouncing phase, then the curvature perturbation can be reliably calculated by linear perturbation theory. In that case, the comoving curvature perturbation R φ can be reconstructed from our results in the harmonic gauge by
where φ (0) and δφ are the homogeneous part of φ and the deviation from it, similar to Eq. (60). We will use the reconstructed amplitude of R φ to study the power spectrum of the adiabatic perturbations.
IV. RESULTS
We explore three questions concerning the evolution of adiabatic perturbations through the nonsingular bounce. First, can inhomogeneity and anisotropy ever grow enough to disrupt the bounce altogether? Second, if the perturbations can pass through the bounce without disrupting it, does their evolution become sufficiently nonlinear or strongly coupled to cause mode-mixing and distortion? Third, even if the nonlinearity is negligible throughout the bounce, does the scale dependence of the amplitude change as a result of the bounce so as to tilt the power spectrum away from scale-invariance? We show that for sufficiently small perturbations, consistent with the observed amplitude of primordial fluctuations, the answer to all three questions are negative.
A. Inhomogeneity and anisotropy
Our simulation of the nonsingular bounce starts from the initial data given in (37 -46) , with the ansatz (31 -36) that describes a single Fourier mode in the limit of small perturbations. In addition to the dynamical variables φ, χ, and g µν , we calculate the volume expansion θ at every spatial point. The Hamiltonian constraint (29) can be written as a generalized Friedmann equation [29] ,
Here E φ and E χ are the energy density of the scalar fields,
R is the spatial curvature, and σ 2 measures the amount of anisotropy,
Our computational results are presented in terms of the expansion θ, normalized by 3|H 0 | where H 0 is the initial value of the Hubble parameter in the homogeneous solution, as well as the ratios
R/E χ |, and |σ 2 /E χ |, where the last ratio represents the relative amount of anisotropy as compared to the χ field energy density.
Here is an example in which the universe undergoes a smooth nonsingular bounce, with parameters m = 0.01, λ = −0.3. 
The numerical result for the expansion θ at select times is plotted in Fig. 3 . The nonsingular bounce happens when the expansion θ crosses zero from below. Note that, due to inhomogeneities, the bounce happens at different times for different spatial points. Fig. 4 shows the ratios |E φ /E χ |, | 
In this example, the expansion θ remains negative in the middle range of the coordinate x shown in Fig. 5 , indicating that this part of the universe keeps contracting and never bounces. The reason is that, in this region the negative energy density of the χ field, which is supposed to induce the bounce, is overtaken by the anisotropy. As shown in Fig. 6 , the ratio |σ 2 /E χ | is greater than 1 in the shaded region. Since anisotropy grows at the same rate as the χ field energy density, the latter will never overtake the anisotropy to induce the bounce. Hence this part of the universe will collapse into a singularity, in contrast to the rest of space that will pass through a nonsingular bounce.
This example presents a scenario of nonsingular bouncing cosmology in which the nonsingular bounce does not occur everywhere in the universe, but only in separate regions that are relatively homogeneous and isotropic. The difference in the future evolution of separate regions is caused by large inhomogeneities that can only be precisely calculated using a nonperturbative approach such as the one presented here.
A quantitative figure-of-merit for determining whether a certain part of the universe will undergo a nonsingular bounce is the ratio |σ 2 /E χ | between the anisotropy and the energy density of the χ field. Since this ratio remains constant during the cosmic evolution in our model, it is already set by the initial data. Therefore, regions where this ratio is initially less than 1 will undergo a nonsingular bounce, whereas regions with a ratio greater than 1
will not.
This criterion also helps to estimate the effect of nonlinearity during the bounce. For a ratio |σ 2 /E χ | less than but close to 1, the substantial amount of anisotropy has a nonlinear effect on the bouncing process. A marginal case is given by the parameters Fig. 7 shows the local expansion θ at select times, and Fig. 8 shows the ratios |E φ /E χ |,
R/E χ |, and |σ 2 /E χ |. In this example, the ratio σ 2 /|E χ | reaches a maximum of ∼ 10
near the middle of the x range in the figure. Accordingly, the bounce in this region is much delayed relative to other regions, making the universe spatially inhomogeneous. The large anisotropy as compared to the χ field energy density also implies that perturbative analysis is not accurate, since in linear perturbation theory anisotropy is a second order effect that must be negligible. Therefore in this case we also expect significant nonlinear effects in the evolution of adiabatic perturbations, as discussed in Section IV B.
Our computation shows that the presence of large inhomogeneity and anisotropy with and t coordinates are scaled in the same way as in Fig. 3 . In this marginal case, the ratio |σ 2 /E χ | between the anisotropy and the χ field energy density reaches as high as 10 −2 , causing significant nonlinearity.
respect to the energy density of the χ field before the bouncing phase results in nonlinear growth of curvature and anisotropy that can disrupt the nonsingular bounce. On the other hand, sufficiently small perturbations can pass through the nonsingular bounce without affecting it. Nevertheless, these adiabatic modes may become strongly coupled during the bouncing phase, which can alter the power spectrum and induce non-Gaussianity. In the next section, we study the nonlinearity in the evolution of such small perturbations for which anisotropy is subdominant with respect to the scalar field energy density.
B. Nonlinearity and strong coupling
The adiabatic perturbation is calculated using the covariant formalism, i.e., by solving for the integrated expansion N from Eq. (54). To quantify the magnitude of the nonlinearity, we decompose N into Fourier modes at each time step,
The zeroth mode gives the homogeneous part of N , which corresponds to the background solution N in Eq. (58) . The first Fourier mode N (1) with k = m corresponds to the linear (69):
. t is scaled in the same way as in Fig. 1 , so that t = 0 corresponds to the bounce in the homogeneous case. In this example, the amplitude of the higher Fourier modes, especially N (2) , is separated by less than 1 order of magnitude from the linear mode N (1) , indicating that nonlinearity becomes significant during the bouncing phase.
perturbation given in Eq. (59), which can be compared to the curvature perturbation −ψ (h) in the linear harmonic gauge, presented in Appendix A. The second Fourier mode N (2) can only arise from nonlinearities in either the initial data or the evolution equations. For small perturbations, quadratic terms would be the leading nonlinear contribution in a perturbative expansion. Therefore, the amplitude of N (2) with double wavenumber k = 2m represents the leading order nonlinearity in the curvature perturbation.
Consider the previous example with parameters given in (69) . The first few Fourier modes of the integrated expansion N are plotted as a function of the harmonic time t in Fig. 9 . It can be seen in this example that the nonlinearity is relatively large compared to the amplitude of the linear term. In particular, the amplitude of N (2) is initially suppressed with respect to N (1) by 2 orders of magnitude, but, after a short time, this ratio decreases to less than 1 order of magnitude, indicating that nonlinearity is no longer negligible. Similar behavior can also be observed for higher Fourier modes. Fig. 10 gives a direct comparison between the amplitude of N (1) and N (2) , showing that the latter rapidly grows in the bouncing phase. In addition, Fig. 11 shows the homogeneous part of N , which is compared to the background solution N = ln a from Section II. The clear deviation from the background solution is due to the presence of anisotropy with a considerable ratio of |σ 2 /E χ | that affects the bouncing process. Fig. 12 shows the amplitude of the first Fourier mode N (1) , as compared to the linear harmonic curvature perturbation −ψ (h) calculated in Appendix A. Also shown The disagreement between those curves indicates that calculations by linear perturbation theory are far from accurate in this case, as a result of the substantial amount of inhomogeneity and anisotropy. Note that for both perturbative and nonperturbative calculations presented in all figures, the numerical error is much smaller than the width of the curves, so the differences between the curves here represent real deviations.
In the above example, nonlinearity is mainly caused by large inhomogeneity and anisotropy as compared to the energy density of the scalar fields φ and χ. On the other hand, consider sufficiently small perturbations for which anisotropy is negligible. In that case, nonlinearity would be an indicator for the strong coupling problem of the curvature perturbations. If the curvature perturbations become strongly coupled, then linear perturbation theory results would receive corrections from higher order perturbations such as N (2) .
We will check the amplitude of those higher Fourier modes and assess the validity of linear perturbation theory.
Consider an example with much smaller amplitude of perturbations compared to previous (71):
. t is scaled in the same way as in Fig. 1 , so that t = 0 corresponds to the bounce in the homogeneous case. In this example, the amplitude of higher particular, there should be no mixing between various modes. We test the linear superposition by studying the evolution of multiple modes, using the ansatz (47 -51) . Similar to the above analysis where we follow the amplitude of double wavenumber modes to check for nonlinearity, below we focus on the amplitude of the mixed modes to address the validity of superposition.
As an example, consider the parameters in (71) 
. t is scaled in the same way as in Fig. 1 , so that t = 0 corresponds to the bounce in the homogeneous case. In this example, the amplitude of the two input modes N (1) and N (3) are comparable to each other, whereas the mixed modes N (2) and N (4) are suppressed, indicating that mode mixing is negligible.
Moreover, we compare the evolution of each principal mode in cases with and without the presence of the other. In Fig. 18 , the k = m mode in the current example is compared to the result in the previous example where it is the only mode in the input. Alternatively, the k = 3m mode in the current example is compared to the case with g i 's given by (72) but f i 's set to zero. In both comparisons the amplitude from single and double mode computations agree perfectly, confirming that different modes evolve independently regardless of one another.
Let us comment on the apparent contradiction with a naive expectation based on typical strong coupling analysis. The strong coupling argument states that, in the effective action for the curvature perturbation ζ derived from a perturbative expansion of the Einstein action, the cubic Lagrangian becomes comparable in size to the quadratic Lagrangian when the parameter ≡ −Ḣ/H 2 is much larger than 1 [31] . Such strong coupling can arise either at the classical or the quantum level, depending on whether the modes have exited the horizon. For superhorizon modes that evolve classically, strong coupling implies that the linearized equations given by the quadratic Lagrangian would receive corrections from quadratic terms given by the cubic Lagrangian; these quadratic terms become comparable to the linear terms when is large, causing the evolution to become nonlinear. In that case, solving the linearized equations would not give the correct result for the curvature perturbation and linear perturbation theory would fail. In particular, near a nonsingular bounce, diverges as H → 0, implying that the quadratic terms become singular.
To understand why the argument based on strong coupling analysis fails in this case, we first note that the full equations of motion (9, 10) and (12) remain regular during the bounce.
Therefore a perturbative expansion in a well-defined gauge would not introduce singular terms. In fact, the anticipated singular terms would only arise in the cubic Lagrangian that is obtained by first eliminating the lapse and shift variables through the Hamiltonian and momentum constraints [63] [64] [65] . In the same way, one may choose to eliminate the lapse and shift variables in the equations of motion. For example, the momentum constraint (A20) allows one to replace the lapse A with (−ψ + H. In this paper we do not consider the quantum strong coupling as we focus on the classical evolution of adiabatic perturbations.)
C. Scale dependence
Next we study the power spectrum of the adiabatic modes. Instead of computing perturbations in the harmonic gauge, we calculate the comoving curvature perturbation R which becomes nearly constant on superhorizon scales in the expansion phase and determines the power spectrum of primordial fluctuations. With two scalar fields, the comoving curvature perturbation R can be defined as [23] , at linear order,
where φ and χ are given by the background solution. This quantity R does not have a covariant generalization. However, shortly before and after the bounce, since χ is negligible compared to φ , the value of R can be well approximated by the curvature perturbation R φ in the comoving φ gauge, given by Eq. (B9). Therefore we can use R φ to study the power spectrum of the adiabatic perturbations.
The covariant generalization of R φ is the integrated expansion N (φ) on the constant φ slices. As discussed in Section III B, N (φ) cannot be calculated directly in the numerical computation. Nevertheless, for small amplitudes where anisotropy is negligible compared to the scalar field energy density, linear perturbation theory is shown to work throughout the bounce. Therefore we adopt the definition from there and use Eq. (62) to reconstruct R φ .
At linear order,
where the quantities on the right hand side are calculated in the harmonic gauge, and the superscript (k) denotes the kth Fourier mode in an expansion like (70) . 
and the same for δχ ψ . The Fourier coefficients C 1 (k) and C 2 (k) depend on the wavenumber k as C 1 ∼ k −3/2 and C 2 ∼ k 3/2 . The C 1 term dominates at late times and represents the growing mode that carries a scale invariant power spectrum, whereas the C 2 term is constant and subdominant. The value for C 2 is related to C 1 by Eq. (B8),
and the value for C 1 should be normalized such that the final amplitude of the adiabatic perturbation matches the observed power spectrum of the primordial fluctuations (see Eq. (B17)). For now, we take
and bear in mind that it should be rescaled to the proper value in the end.
Thus, for our calculation that starts in the late contraction phase, the initial values for the scalar field perturbations in the flat gauge are
The initial values for δφ, δφ , δχ, and δχ in the harmonic gauge are obtained through a linear transformation where ψ(0) is given in terms of δφ (0), δχ (0), and δφ(0) by Eq. (A37),
To account for the two modes C 1 and C 2 , we use the ansatz ( 
As an example, we calculate the growing (C 1 ) mode and the constant (C 2 ) mode for m = 0.01. The comoving curvature perturbation R φ for each mode is extracted from the integrated expansion N and the scalar field φ according to Eq. (74). Their amplitudes are shown in Fig. 19 as a function of the number of e-folds N , which is shifted such that the bounce occurs at N = 0, and the sign is chosen so that N is negative before and positive after the bounce. Note that the spikes near the bounce are due to the moment whenφ (0) = 0 in Eq. (74), which again illustrates that N (φ) cannot be evolved directly through the bounce.
The result shows that the growing mode in the contraction phase becomes constant quickly after the bounce, and remains dominant in the expansion phase. Meanwhile, the constant mode in the contraction phase also contributes a constant amplitude in the expansion phase, but is negligible compared to the contribution from the growing mode. This matching condition implies that the power spectrum of primordial fluctuations in the expansion phase is primarily determined by the growing mode in the contraction phase, in agreement with [8, 23] . Note that the perturbation amplitude grows even after horizon crossing because the matter-like contraction phase is not an attractor. In addition, the asymmetry of the evolution before and after the bounce is due to the entropic perturbations between the two scalar fields. Such entropic perturbations source the adiabatic perturbations near the bounce when the χ field is significant. After the bounce, the χ field energy quickly diminishes, and the adiabatic perturbation approaches a constant.
To check the scale invariance of the power spectrum, we analyze the dependence of the perturbation amplitude on the wavenumber k. In the matter-like contraction phase after horizon crossing, the growing mode (C 1 ) has the correct k-dependence, C 1 ∼ k −3/2 . To maintain the scale invariance into the expansion phase, modes with different wavenumbers must have the same factor of amplification during the bounce. Otherwise, a slight change in the scale dependence would induce a small tilt or running in the power spectrum.
As a case study, we calculate the comoving curvature perturbation R φ for wavenumbers . Fig. 20 shows their amplitude on a logarithmic scale; their relative amplitude, given by the vertical distance between the curves, stays approximately the same before and after the bounce. This suggests that the amplification factor for the perturbation amplitude depends very weakly on the wavenumber k. Hence, the power spectrum remains nearly scale invariant after the bounce. Fig. 21 shows the ratio between the amplitude of the two modes. The slight increase of this ratio after the bounce indicates a slightly larger amplitude at long wavelengths, hence a red tilt. However, as
shown below, the amount of tilt turns out to be negligible on observable scales.
In order to quantify the deviation from scale invariance, we calculate the amplitude of the comoving curvature perturbation for a number of k modes ranging over ∼ 10 efolds. Since their evolution is well in the linear regime, we simply use the perturbative calculation presented in Appendices A and B. The power spectrum is given by Eq. (B17), 
V. CONCLUSION
We have presented the first nonperturbative calculation that tracks cosmic evolution through a non-singular bounce. Our computation is based on a bouncing model with one canonical scalar field that drives a matter-like (w = 0) contraction phase and another ghost field that induces a nonsingular bounce. We have shown that large inhomogeneity and anisotropy compared to the energy density of the ghost field can disrupt the bounce. Nonlinear effects become substantial when the anisotropy is close to or larger than the ghost field energy density that is responsible for inducing the bounce. For smaller perturbations, the anisotropy remains subdominant and does not affect the nonsingular bounce. In those cases, such as one with an amplitude consistent with observed primordial fluctuations, nonlinearities are insignificant during the bounce and the strong coupling problem does not occur for superhorizon modes, indicating that the nonsingular bounce does not cause large non-Gaussianity. We have further analyzed the scale dependence of the amplitude of the adiabatic perturbations and showed that, given scale invariant amplitudes generated in the matter-like contraction phase, the power spectrum remains scale invariant in the expansion phase without observable deviations, consistent with current observational constraints.
A new picture that emerges from our study is that the nonsingular bounce can happen in separate parts of the universe. Specifically, regions of the universe that are overwhelmed by inhomogeneity and anisotropy collapse into singularities, whereas regions with relatively smooth and isotropic conditions pass through a nonsingular bounce. This gives a completely different global picture of a nonsingular bouncing universe from what has been expected by linear perturbative analysis. The new scenario resembles the "phoenix universe" model [66] in which a contracting universe collapses in certain regions and bounces in the others, except that here the bounce is nonsingular. Since the inhomogeneous regions of the universe terminate in singularities (barring quantum effects), the volume of the universe is dominated by the desirable regions that pass through the bounce and expand. One can further imagine that the local amplitude of the primordial fluctuations within an expanding region that bounced successfully evolves indifferently to the existence of collapsed regions that are way beyond the horizon. Since the evolution of different regions of the universe can be followed through the bounce by directly solving classical equations of motion, it may be possible to find a definite probability measure for various observables over all bouncing regions.
There are some drawbacks in the specific model considered in this paper, especially that the matter-like contraction is not an attractor solution. Consequently, a sufficiently long period of matter-like contraction phase requires fine-tuning of initial values for the background solution. Moreover, classical inhomogeneity and anisotropy grow faster than the background energy density with a matter-like equation of state, so it requires further finetuning to suppress inhomogeneities during the contraction phase. Furthermore, although the matter-like contraction phase can create scale invariant adiabatic perturbations, the dominant mode of these perturbations that carries the scale invariant power spectrum is not conserved even on superhorizon scales; hence the amplitude of the adiabatic perturbations in the expansion phase is different from that at the horizon crossing.
The problem with the growth of inhomogeneity and anisotropy can be avoided in an ekpyrotic contraction phase. The ekpyrotic contraction is an attractor that automatically smooths away initial inhomogeneity, spatial curvature, and anisotropy [45] [46] [47] . It may be possible to have such an ekpyrotic phase before (or after, e.g., in [27] ) the matter-like contraction phase to provide extremely homogeneous and isotropic conditions for the latter.
Nevertheless, the initial values for the scalar fields would still require fine-tuning in order for the homogeneous solution to stay close to the scaling solution during the entire matter-like contraction phase; the non-conservation of the growing mode of the adiabatic perturbations outside the horizon still exists as well.
Alternatively, it is possible to completely replace the matter-like contraction phase by an ekpyrotic contraction phase. Instead of using the matter-like contraction phase to generate scale invariant adiabatic perturbations, the latter can be generated through an entropic mechanism with the existing two scalar fields [9-11, 67, 68] . The entropic perturbations between the two fields can be converted into adiabatic perturbations at the end of the ekpyrotic phase, which then become conserved outside the horizon. Based on our results, we expect the adiabatic perturbations to evolve through the nonsingular bounce without altering the scale invariance of the power spectrum. This new scenario will be pursued elsewhere [69] .
The remaining issue is the quantum instability of the ghost field that is used to violate the NEC and induce the nonsingular bounce. The ghost field serves as an effective mechanism for describing the bouncing process and studying the classical perturbations on superhorizon scales. To complete the model, the ghost field must be stabilized by some unknown UVcompletion mechanism which is not considered here. The positive results of our above analysis inspire us to look for more realistic mechanisms of creating a nonsingular bounce that is free from the ghost instability.
Therefore the harmonic gauge condition (14) is specified by the constraints
Under an infinitesimal coordinate transformation
the metric perturbations become
hence the constraints C 0 , C become
Therefore, to transform into the harmonic gauge, one needs to solve a wave equation for each ξ 0 and ξ. Such solutions do exist for the bouncing background, hence the harmonic gauge is well defined throughout the bouncing phase. Note also that the harmonic gauge has a residual gauge freedom allowed by homogeneous solutions to the wave equations for ξ 0 and ξ.
The Einstein tensor G µ ν is given by, up to first order in perturbations, 
Here σ is the shear perturbation, σ ≡ E −a 2 B. Then for the scalar fields with perturbations δφ and δχ, the stress energy tensor given by the Lagrangian (1) is, up to first order,
(φ 2 − χ 2 ) + a 6 V − 1 a 6 − (φ 2 − χ 2 )A + (φ δφ − χ δχ ) + a 6 V ,φ δφ , (A16) 
(φ δφ − χ δχ) ,
δφ + a 4 k 2 δφ + a 6 V ,φφ δφ + 2a
δχ + a 4 k 2 δχ = 0 ,
with a constraint coming from Eqs. (A19, A20), 
The initial values for δφ, δφ , δχ, δχ , A, B, ψ, E, and E are chosen to agree with the initial data for our numerical computations, Eqs. (37 -46) . At linear order,
δχ(0) = f 3 , δχ (0) = a 3 0 (f 2 − 6χ 0 δΨ),
and E (0) is given by the constraint equation (A31). Here δΨ is given by the conformal factor Ψ in Eq. (29) expanded to linear order,
and the parameters f 0 -f 3 are specified according to our numerical computations. Note that the above initial values satisfy the relation
which agrees with the constant mean curvature initial data in our numerical computations.
Appendix B: Bunch-Davies initial values
The adiabatic perturbations arise from quantum fluctuations when the modes are deep inside the horizon. The scalar field perturbations can be studied by using the canonical variables u φ = a δφ and u χ = a δχ [70] , which satisfy the equation 
where x = k(−η), and H 
Neglecting the unsubstantial phase factor in (B3), the scalar field perturbation can be written as
and the same for δχ ψ .
Switching to the harmonic time t, using the relation dt = dη/a 2 and hence (−η) ∼ (t − t −∞ ) −1/3 , we can write
where t −∞ corresponds to the time when η → −∞. The constants C 1 , C 2 scale as
and their relative size is fixed by Eq. (B5),
Therefore, for long wavelengths with k aH, the C 1 term in Eq. (B6) dominates and gives rise to a scale invariant power spectrum. The size of C 1 can be normalized according to the comoving curvature perturbation R as follows.
The curvature perturbation R φ in the comoving φ gauge is defined as
which is related to the scalar field perturbation δφ ψ in the flat gauge by R φ = H φ δφ ψ . In our computation we consider a finite volume of size L with periodic boundary condition. So the amplitude can be expanded as a Fourier series
where k i = 2π L n i , n i = 0, ±1, · · · , and
We can write R k ≡ a k − ib k , where
The reality of R(x) implies a −k = a k and b −k = −b k . These two coefficients a k , b k nicely correspond to the C 2 and C 1 terms above. In terms of these coefficients, the real space amplitude can be written as
In the limit L → ∞, the Fourier transform becomes
And the autocorrelation function is given by
The power spectrum can be defined as
which has to match the observed nearly scale invariant amplitude ∆ 2
